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Abstract 

In this paper, we describe the group Spin^(n) and give some properties 
of this group. We construct Spin^ spinor bundle S by means of the spinor 
representation of the group Spin^(n) and define covariant derivative op¬ 
erator and Dirac operator on S. Finally, Schrodinger-Lichnerowicz-type 
formula is derived by using these operators. 
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1 Introduction 

Spin and Spin° structures is effective tool to study the geometry and topology 
of manifolds, especially in dimension four. Spin and Spin'^ manifolds have been 
studied extensively in miiiiE]. For any compact Lie group G the Spin‘s 
structure have been studied in [1]. However, the spinor representation is replaced 
by a hyperkahler manifold, also called target manifold. In this paper, we define 
the Lie group Spin^(n) as a quotient group by taking G = x . The 
groups Spin(n) and Spin'^(n) are the subset of Spin^(n). We define Spin^ 
structure on any Riemannian manifold. The spinor representation of Spin^(n) is 
defined by the help of the spinor representation of Spin(n). By using the spinor 
representation of Spin^(n) we construct the Spin^ spinor bundle S. Finally, 
we give Schrodinger-Lichnerowicz-type formula by using covariant derivative 
operator and Dirac operator on §. 

This paper is organized as follows. We begin with a section introducing 
the group Spin^(n). In the following section, we define Spin^ structure on 
any Riemannian manifold. The final section is dedicated to the construction of 
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the spinor bundle S, the study of the Dirac operator associated to Levi-Civita 
connection V and Schrodinger-Lichnerowicz-type formula. 

2 The group Spin^(n) 

Definition 1 The SpiriF group is defined as 

Spin^(n) := {Spin(n) x x 5'^)/{±l}. 

The elements of Spin^(n) are thus classes \g, Zi, Z 2 ] of pairs {g, Zi, zfi) G Spin{n) x 
X under the equivalence relation 

( 5 , ^ 1 ,^ 2 ) ~ {-g,-zi,-Z2). 

We can define the following homomorphisms: 

a. The map : SpirF{n) —?■ SO{n) is given by )F {[g , Zi, Z 2 ]) = \{g) 
where the map A : Spin{n) —>■ SO{n) is the two-fold covering given by 
K9){v) = 9vg~^. 

b. i : Spin{n) —>■ Spin"^{n) is the natural inclusion map fig) = [g, 1,1]. 

c. j : X —> Spin^{n) is the inclusion map j{zi, Z 2 ) = [1, 2 : 1 , 2 : 2 ]- 

d. I : Spin^{n) —>■ x is given by fi[g,zi,Z 2 ]) = (zf,ziZ 2 ). 

e. p:Spin'^(n) —> SO(n)xS^xS^ is given hy pfig, Zi, Z 2 ]) = (A(g), zfi Z 1 Z 2 ). 
Hence, p = }F x 1. Here p is a 2-fold covering. 

Thus, we obtain the following commutative diagram where the row and the 
column are exact. 


1 

X 51 



1 

Moreover, we have the following exact sequence: 

1 ^ Z 2 ^ Spin^in) SO{n) x x ^ 1. 
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Theorem 2 The group SpiriF {n) is isomorphic to Spiff (n) x . 

Proof We define the map Lp in the following way: 

Spin{n) X X ^ Spin‘^{n) x 
i9,Zl,Z2) {[g,Zi],ZiZ2) 

It can be easily shown that (p is a surjective homomorphism and the kernel 
of ip is {(1,1,1), (—1, —1, —1)}. Thus, the group Spin^(n) is isomorphic to 
Spin°(n) X □ 

Since Spin(n) is contained in the complex Clifford algebra C^„, the spin 
representation k of the group Spin(n) extends to a Spin^(n)-representation. 
For an element [g,zi,Z 2 ] from Spin^(n) and any spinor ip € A„, the spinor 
representation hF of Spin^(n) is given by 

l^'^[g,Zl,Z 2 ]lp = zfz 2 K{g){ip). 

Proposition 3 If n = 2k + 1 is odd, then hF is irreducible. 

Proof Assume that {0} F is a Spin^ invariant subspace. Thus, 

we have F"[g,Zi,Z 2 \{W) C W. That is, z\z2k{9){^) F W. In this case, 
for every w € W there exists a, w' & W such that zfz2K{9)i'^) = F. As 

k( 9 ){w) = — w' S W and the representation k of Spin(n) is irreducible if n 

ztz2 

is odd, this is a contradiction. The representation F" of Spin^(n) has to be 
irreducible for n = 2fc + 1. 

□ 

Proposition 4 If n = 2k is even, then the spinor space iS. 2 k decomposes into 
two subspaces /S. 2 k = © A^j, . 

Proof We know that the Spin(n) representation /S. 2 k decomposes into two sub¬ 
spaces AJ^ and A^^. Thus, we obtain z1z2K{9){^2k) — z"lz2n{9){^2k) — 

^ 2 k- Namely, F[g, zi, Z 2 ]{i 24 F F A+ and F[g, Zi, Z 2 \{IFF ^ A’^. Hence, 
the Spin^(2fc) representation /S. 2 k decomposes into two subspaces A^^, and A^^. 
It can be easily seen that the Spin^(2A:) representation A^^ is irreducible. □ 
The Lie algebra of the group Spin^ (n) is described by 

spin^(n) = m 2 © zM © zR. 

The differential p* : spin^(zz) so(n) © zR © zM is defined by 
pFaCp, Az, pi) = (2Aq,/ 3,2Az, (A + p)i) 

where A and p are any real numbers and Eap is the n x n matrix with entries 
{Eap)ap = —1, (,Eap)pa = 1 and all others are equal to zero. The inverse of the 
differential p* is given by 

Pf^iEap, Az, pi) = (^eaCp, ^Az, (p - ^A)z). 
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3 Spin^ structure 

Definition 5 A SpiriF structure on an oriented Riemannian manifold 
is a SpiriF {n) principal bundle Pspin'r(n) together with a smooth map 
A : Pspin'r(n) Pso(n) such that the following diagram commutes: 


Pspinr{n) X Spiu'^ (u) 
AxA'^ 

Pso^n) X SO{n) — 


PspinT (n) 


P. 


SO(n) 


From above definition we can construct a two-fold covering map 
n : Pspin-r^n) PsO{n) X Ps^xS^- 

Given a Spin^ structure {Pspin'r{n),F), the map : Spin'^{n) — SO{n) 
induces an isomorphism 

PspinT [n) /F X *5* = PsO{n)' 

In similar way, Spin^{n)/spin{n) = x implies the isomorphism 

Pspinr [n) /Fpinion) = 

Note that on account of the inclusion map i : Spin{n) —>■ Spin^{n), every 
spin structure on M induces a Spin^ structure. Similarly, since there exists 
a inclusion map Spin‘s (n) —>■ Spin^{n), every Spin'^ structure on M induces a 
Spin^ structure. 


4 Spinor bundle and Dirac operator 

Let {M'^,g) be an oriented connected Riemannian manifold and Pso(n) M 
the S'O(n)—principal bundle of positively oriented orthonormal frames. The 
Levi-Civita connection V on Pso{n) determine a connection 1—form uj on the 
principal bundle Pso{n) with values in so{n), locally given by 

UJ — ^ ^ Cj ) Eij 

i<j 

where e = {ei,..., e„} is a local section of Pso{n) and Eij is the n x n matrix 
with entries {Eij)ij = — 1, (Eij)ji = 1 and all others are equal to zero. 

We fix a connection 


(A, P) : PPgi —y iM 0 iM 

on the principal bundle Pgi^gi. The connections uj and (A, B) induce a con¬ 
nection 


UJ X (A, P) : P{Pso{n) X Pgi ^ so(n) 0 zM 0 zIR 
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on the fibre product bundle Pso{n) x Ps^xS^- Now we can define a connection 

1—form ui X (A, B) on the principal bundle Pspin'^(n) such that the following 
diagram commutes: 


rp< 


uix(A,B) 


Spin^ {n) 

n* 


spin^(n) = m 2 ' 


^ , bjy.iA,B) ^ ^ 

T{Pso(n) xPsixsO-^so(n)©*©* 


That is, the equality 

p, o a; X (A, B) = to X {A, B) o If* 


holds. 

Definition 6 The spinor bundle of a SpiriF manifold is defined as the associated 
vector bundle 

^ PspinT (n) ^ K^r ^n 

where tF : Spin’^{n) -A G'L(A„) is the spinor representation of Spin^{n). In 
case of n = 2k the spinor bundle splits into the sum of two subbundles §“*■ and 
S“ such that 

S = S+ © S“, = Psp^u'r (u) x^T± 

Any spinor field if can be identified with the map ip : Pspin'r{n) An satisfying 
the transformation rule iffpg) = {g~^)ip{p). The absolute differential of a 

section if with respect to w x {A, B) determines a covariant derivative 

V : r(§) ^ r(T*M©§) 


given by 

\/if = dif + X {A, B))if 

where nfi : spin^(n) —>■ End{An) is the derivative of k at the identity 
1 e Spin^{n). It can be also shown that 

Xi, pi) = K{eaep) + {2Xi + pi)Id 


where A and p are any real numbers and k is the spin representation of the 
group Spin(n). 

Now we give the local formulas for connections. Fix a section s : [/ —>■ P 51 ^51 
of the principal bundle ^ 51 ^ 51 . Then, we obtain the local connection form 

: TC/^*©* 

where : TU -A iR. ex s :U —> Pso{n) ^ Ps^xS^ is a local section of 

the fiber product bundle Pso(n) x Ps^xS^- e x s is a lift of this section to the 




§. Bulut and A. K. Erkoca 


two-fold covering 11 : Pspin'^{n) Pso(n) x Ps^xS^- The local connection form 

^(exs) 

uj X (A, B) on the principal bundle PspinT(n) is given by the formula 


--—^ (ex?) 

UJ X (A, B) 


i<j 


Hence, this connection form induces a connection V on the spinor bundle S. We 
can locally describe V by 

VxV” = dip{X) + ^ X! di'^xei, ej)eiej'ip + (1) 

i<j 

where ijj : U ^ A„ is a section of the spinor bundle §. 

Definition 7 The first order differential operator 


D = fiov : r(s) ^ r{T*M (g) s) 4 r(§) 


where fj, denotes Clifford multiplication, is called the Dirac operator. 
The Dirac operator D is locally given by 


Dif = '^e^- Ve,V’ 


( 2 ) 


where {ei,..., e„} is a local orthonormal frame on the manifold M. 

The Dirac operator has the following property: 

Theorem 8 Let f be a smooth function and fj GT{E>) be a spinor field. Then, 

D{f ■ V') = (gradf ■ ip) + fDip. 

Proof By using the definition of the Dirac operator D we can compute D{f -ip) 
as follows: 

n _ 

Dif-iP) = Ee*-Ve,(/4) 

n _ 

= Eci • (ei(/) • +/Ve4) 

n n _ 

= ^ei{f)ei-ip +f^Ci-Veiip 
= (gradf) ■ Ip + fDip 


□ 

Now we can define the Laplace operator on the spinor bundle §. 

Definition 9 Let ip G r(§) be a spinor field. The Laplace operator IS. on spinors 
is defined by 

71 

Alp = {Vei^eii’ + div{ei)Veilp'j . 

i=l 


( 3 ) 
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4.1 Schrodinger-Lichnerowicz type formula 

The square of the Dirac operator and the Laplace operator A are second 
order differential operators. We derive Schrodinger-Lichnerowicz type formula 
by computing their difference — A. 

The curvature B? of the spinor covariant derivative V is an End{S) valued 
2 —form by 

R^iX, Y)ij = VxVvV' - VyVxV' - Vtx.FjV' 

where ip G r(§) and X,Y € T{TM). Now we want to describe RP’ in terms of 
the curvature tensor R. 

Let : TPso{n) x TPso(n) ^ so(n) be the curvature form of the Levi- 
Civita connection with the components 

i<j 

where flij : TPgQ(^n) ^ TPgQt^^) The commutative diagram defining the 

connection uj x {A, B) implies that the curvature form of w x {A, B) is 

^u.x{A,B) ^ © ^U*{dA)®U*{dB). 

i<j 

Hence the 2—form R^ with values in the spinor bundle S is obtained by the 
following formula: 

R^{., .)ip = • ijj + ^dA ■ ij; + dB ■ ijj. 

i<j 

Let {ei,...,e„} be orthonormal frame field, Dy(A, F) = g{R{X,Y)ei,ej) 
the components of the curvature form of the Levi-Civita connection, 

n n 

X = ^ and Y = 'Y^Y^ei be vector fields on the Riemannian manifold 

fc=i 1=1 

M. Then we have 

n,,{X,Y) = g{R{X,Y)e^,e,) 

n 

= Y. Rku.x^Y^ 

k,l^l 

n 

= E RkHje>^{X)e^{Y) 

k,l^l 
1 ^ 

= :,YRkHj{e^Ae^){X,Y). 

^k,l=l 

where {e^,..., e”} is the frame dual to {ei,..., e„}. Thus, we obtain the fol¬ 
lowing local formula for the curvature form 

- 1 ” 1 

^ux(A,B) = RkUjie'^ A e')eie, + -dA + dB 

i<j k,l—l 
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and the 2-form R ^{.,.) is calculated as follows: 

1 n ^ 

■)'ip = X! A e'-)eiej ■ ip + -dA -ip + dB 

i<j k,l—l 

By using the above properties of the curvature form B? on spinor bundle S 
we deduce the following result: 

Proposition 10 Let Ric be the Ricci tensor. Then, the following relation holds: 

n 

'y^Cg ■ R^{X, ea)if = —-Ric{X) ■ ip + -{X j dA) ■ ip + {X _i dB) ■ ip (4) 

a=l ^ ^ 

Proof In [2] it is proved the following relation: 

n n 

EEE Rkiiji.e’^ A e^)eaeiej ■ ip = -2Ric{X) ■ ip (5) 

OL—li<.j k,l—l 

It can be easily seen the following two relations: 

n 

Cg ■ dA{X, Cg) ■ Ip = {X _i dA) ■ Ip (6) 

a—l 

and 

n 

eg ■ dB{X, eg)-ip={X ^ dB) ■ ip. (7) 

Then, using ([5]), ([6]) and dH), we obtain the claimed equivalence. □ 

Now, we derive Schrodinger-Lichnerowicz-type formula in the following way: 

Proposition 11 Let s be scalar curvature of the Riemannian manifold and let 
dA = and dB = be the imaginary-valued 2—forms of the connections 
{A,B) in the {S^ x S^) —bundle associated with Spin'^ structure. Then, we have 
the following formula: 

s 1 

D'^ip = Alp -f —Ip -|- 2^-^ ■ l/’ + dB • Ip. 

= • Ve,(ej • Ve^V') 

_ _ _ 

= Ci ■ XeiCj ■ Xejip + CiCj ■ Xejlp 

i,3 ^ _ _ 

= E 9i'^eiej,ek)eiek ■ Xe^^lp + ^^6^6^- • XetXejIp 

i,j,k i,j 

= Aip+Y ff(Veiej,efe)eiefc • Ve^-V' + y^eiCj • Ve^Ve^V' 


Proof 

D^iP 


( 8 ) 
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Now we can calculate the following sum: 

^ ^ ^ ^ ff (Cj , Cfc )e2efc 

i^k i^k 

— ^ ^ ei^k ^ ek^‘i')^i^k 

i<k 

= '^giejAf^k^eiDeiCk 

i<k 

From ([5]) we get 

D'^tp = A^+ g(ej,[efc,ei])etefcVej'0 + y^eiej ■ (Ve.Ve^'iA-VejVeiV’) 

j,i<k i<j 

= AV^ + y^eiej(Ve,VejV' - Ve^Ve.'i/’ “ V[e, ,e^.] V') 

i<j 

= AV> + ^ e^ejR^{ei, ej)ip. 

Using the identity ([4]) and multiplying by we deduce 

D'^ip = Alp - ^ y] eiRic{ei) • V" + ^ y] • (e^ j dA) • V" + ^ y ei • (e^ j dB) • ip 

i i i 

S 1 

= Alp H —Ip H—dA • Ip + dB ■ Ip. 

4 2 

□ 
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